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Chapter I
The History

I. 1

Introduction

Perhaps the most famous problem in all of mathematics
the equation an

+ bn = en

is the theorem that states that

has no non-trivial solutions for integers a, b, and c, and n 2: 2.

This theorem was propos ed by a seventeenth century French mathematician
de Fermat. Though the theorem is easy to understand,
past 350 years many mathematicians

have attempted

named Pierre

the proof has been elusive . Over the
to prove Fermat's theorem . They have

used a variety of methods and many have been successful in proving the theorem in specific
cases . However , until 1994, nobody had produced an accurate proof for the theorem in the
general case. Because the theorem resisted proof for so long, it became known as Fermat's
last theorem.
Interestingly, though the theorem has generated very much excitement over the years, it
is of littl e inherent importance.

Indeed , Fermat's last theorem has few, if any, important

implications even within the field of number theory . John Coates of Cambridge University
5

has said, "not all math emat ical problems are useless. Fermat's one really is useless , I think ,
in a certain sense. It 's got no pra ctical valu e what soever [10, p.6]." For most of its histo ry,
the chief allure of the theorem was simpl y its resista nce to proof.

However , in the mid-

1980's, through the work of Ge rh ard Frey, J ean-Pi err e Serre and Kenn et h Rib et , Fermat 's
last theorem was linked to one of the most import ant conjectures in mod ern numb er th eory,
the Taniyama-Shimura

conject ur e. The work of th ese mathematicians

showed that Fermat 's

Last theorem and a specific case of the Taniyama -Shimura conjecture (for semi-stabl e elliptic
curv es) are mutuall y impli cat ive. That is, if one is tru e, then so is the other. This meant
if the Taniyama-Shimura

conject ur e were prov ed, the 350-year-old Fermat probl em would

follow.
Simply put , the Taniyama-Shimura conj ect ur e states that all elliptic curves are modular.
Ellipti c curv es are cubi c equat ions in two variables of the form y 2

= x 3 + ax 2 + bx+ c where

a, b, and c are rational numb ers . Modular forms, which will be defined more pr ecisely later

on , are "fun ct ions on the comp lex plane that are inord inate ly symmetric [10, p.8] ." Th e two
concepts appear at first to be unr elated , but the Taniyama -Shimur a conjecture assert s that ,
in fact, they are very closely conn ected.
The Taniyama-Shimura

conject ure ha s been used as a foundation to build some of the

most innovativ e ideas in modern math emat ics. Andrew Wil es, a profes sor at Princeton
University had a lifelon g ambition to prov e Fermat's last theorem. On ce the link betw een
the theorem and the conject ure was established, he bega n to see how this goal might be
accomplished. Though he was motivated by his inter est in Fermat 's last theorem, Wiles also
mad e great progress toward a complete proof of th e Taniyama-Shimura

conjecture.

It is the purpose of this pap er to give an explanation of the historical setting in which
6

the Taniyama-Shimura conjecture arose, the background of some of th e mathematicians who
contributed to its proof, and some of the mathematics involved in the conjecture.

I. 2

Historical

Background

One of the many intriguing qualities of the Taniyama -Shimu ra conjectur e is th e numb er
of mathematicians

whose work was involved in its proof. Among the mathematicians

who

influenced, directly or indir ect ly, the completion of the proof of the Taniyama-Shimura conjecture were Pierre de Fermat, Henri Poincare , and Evariste Galois. Additionall y, many
prominent twentieth century mathematicians , including Barry Mazur of Harvard University,
Kenneth Ribet of the University of California at Berke ley, and Andr ew Wiles of Princeton
University, have contributed to the work. As a means of orienting ourselves with our topic ,
we will begin with a historical account of the conjecture and of some of the mathematicians
whose work was important to it .

I.2.1

Pierre de Fermat

The history of the Taniyama-Shimura conjecture is inseparably connected with the work of
many mathematicians.
mathematician

The most well-known of these is perhaps the seventeenth-century

Pierre de Fermat.

The well-known biographer of mathematicians
Fermat "the greatest mathematician

Eric Temple Bell has called Pierre de

of the seventeenth century [3, p.56]." He is also one

of the most widely known mathematicians

of all time. He accomplished such great feats

as developing differential calcu lus years before the birth of either Newton or Leibniz. He
7

independently invented analytic geometry.

With Pascal, he creat ed mod ern mathem atica l

probabiity , and he is the founder of number theory. With so many accomplishments

to his

credit, it is no wonder that his fame is so far-reaching.
Pier: e de Fermat was born in Beaumont de Lomagne, France, in August of 1601. His
early amdemic endeavors were conducted at home in his native town. Later, he continued
his stud ies in Tou louse. Despite the many varied and important
made t the study of mathematics,

contributions

that Fermat

very little is known about his education and upbringing.

Howevei, because he made discoveries far beyond the knowledge of most mathemat icians in
his tim

his educational

background could have had little influen ce on his successes . "T he

fields in which he did his greatest work, not having been opened up while he was a student,
cou ld snrcely have been suggested by his studies [3, p.58]."
Fermat married in 1631 and in that same year became a commissioner of requests at
Tou louse.

Later he was promoted

Touloust.

His life was peaceful and full of hard work.

to a king's councillor ship in the local parliament
Mathematics

of

was for Fermat,

a

hobby , a means of resting from his political work . Though he studied math ematics only
for amm.ement or relaxation,

Fermat was amazingly pro lific in his mathematical

produce d results that continue to be important

to the mathematica l comm unity today.

Ferm1t's connect ion with the Taniyama-Shimura
importar.t.

works and

conjecture is indir ect though extremely

In about the year 1637 he produc ed what has become known as Fermat's

last

theorem (last because it was the last to have a known proof, not because it was his final
work). Ee asserted that the eq uation an+ bn

= en

has no non-trivial soluti ons for integers

a, b, and c, and n 2: 3. Fermat recorded his observation
Diophan tus's Arithmetica

in the margin of his copy of

and added that he had a proof of the assertion, which was too
8

lengthy to fit into the margin. His proof has never been found and there is some ques ti on
among mathematicians

as to whether he actually had a valid proof. Certain ly, if he did, it

was not the same as the proof provided by Andrew Wiles in 1994. Wiles ' proof, as we sha ll
see, involved some of the most advanced math of the twentieth century, in particular, the
Taniyama-Shimura

conujecture.

This is mathematics

that was certainly beyond Fermat's

reach in the 1600s.
Speaking of the field of number theory, Barry Mazur has said, "The field produces,
without effort, innumerable problems which have a sweet, innocent air about them, tempting
flowers; and yet ... the quests for the solution s of these problems have been known to lead to
the creation (from nothing) of theories which spread their light on all of mathematics

[9,

p.593]." Fermat's last theorem is just such a problem. It has inspired many of the world's
greatest mathematicians

to try their hands at it. The list of these mathematicians

includes:

Leonhard Euler , Sophie Germain, Peter Dirichlet, Henri Lebesgue , Ernst Eduard Kummer,
and Andrew Wiles.
Over the years , experienced and novice mathematicians

have produced a huge numb er of

incorrect proofs of the theorem. Many have tried to use high school mathematics, some have
used more advanced methods, some people have even claimed to have found their proofs
via revelations or psychic powers.

In addition to those who have tri ed to find the proof

themselves, many people have offered rewards for a correct proof. At various times cash
prizes have been avai labl e to any person who produces a rigorous proof of the theorem.

9

1.2.2

Evariste

Galois

The connection between ellipt ic curves and modular functions was studied in large part
through the work of the nineteenth century mathematician
the proof of the Taniyama-Shimura

Evariste Galois. In his work on

conjecture, Andrew Wiles wanted to show t hat t here

are the same number of ellip tic curves and modular elliptic curves. He found that he could
count them more easily by converting them into algebraic structures known as Galois representations.
Galois was a nineteenth century mathematician

who contributed

greatl y to th e field of

algebra. Though he died when he was only twenty, his enterprising work was far ahead of
his time and continues to have unexplored implications in the twentieth century .
Evariste Galois was born in Bourg-la-Reine, France (just outside Paris) on October 25,
1811. His father Nicolas-Gabriel Galois was intellectual, anti-royalty and a lover of libert y.
He became mayor of the town where he lived, but after being disgraced through the intrigues
of a corrupt priest , became disillusion ed with his life and committed suicid e.
Adelaide-Marie Demante , Galois' mother, was his only teacher until he was 12 years old .
She had received a religious and classical education from her father and passed these on to
Evariste. She died in 1872 at the age of 84.
After leaving his mother's tutelage, Galois' education was stormy and difficult . At age
twelve, he entered the Lycee of Louis -le-Grand in Paris. The environm ent at the school was
restrictive and very controlled. The tyranny under which he lived made him more liberal in
his views. At first, Galois won prizes in his studies of the classics, but eventua lly, his success
was replaced by boredom. His teachers advised that Galois be demoted.
10

His aptitude for mathematics

was apparent from an early age. As a young teen he read

Legendre from cover to cover and mast ered it . Most young men in his school took on average
th e work. He also read Lagrange and Abel when he was 14 or 15

two yea rs to understand

years old, but was contemptuous
int ellectual stimulation,

of th e schoolbook algebra. Purportedly

becau se of lack of

his schoolwork was medioc re.

He had an interesting and useful ability to think about mathemati ca l qu est ions in his
hea d before committing th em to pap er. However , he was not careful with what he considered
to be t he more trivial deta ils. People aro und him found him strange and claim ed t hat he
had "affecte d" originality.
Ga lois dreamed of enter ing !'Eco le Polytechnique, the most pr est igious school in Fran ce.
He believed that there he would find people who und erstoo d him and who could help him
to advance his work. However, when he took the entrance exa ms for the school, his hab it of
working things out in his head put him at a disadvantage . The test was condu cted at t he
cha lkbo ard . And there he was un ab le to supp ly t he details that his exam iners required of
him . He took the exam the allowable two times and afte r realizin g that he would fail for
the second tim e, threw the eraser in th e exam iner 's face. One of th e most brilliant minds of
his time, Galois was denied entran ce to !'Ecole Polytechnique.

Lat er, Terquem, the edit or of

"Nouvelles ann ales de Mathematiques " (a journal conn ected with the school) sa id , speaking
in reference to Galois' case, "a candid ate of sup erior int elligence is lost with an exam iner of
inferior int elligence [3, p .367]."
Unable to continue in school, Galois tried to become a privat e tutor, giving lessons in
algebra, but no one wanted him.

11

Bitterness at his failure to gain access to the school and at the death of his father turned
Galois to the republican cause. He was arrested several times for his involvement in the
movement.

Once he was charged with a threat on the life of the King, and later he was

taken without charge because he was considered dangerous . While on parole from Prison,
Galois met a girl and fell in love with her. It appears that the girl beca me involved with Galois
through a royalist plot to get rid of a man they consid ered to be a dangerous revolution ar y.
Galois was challenged to a duel over the girl's honor and was thus caught in the plan for his
destruction.
The night before the duel was to occur, Galois hurriedl y wrote down his theori es. He
then sent them together with some of his other manuscripts to his friend Auguste Chevalier.
Participating

in the duel, Galois was shot in the abdomen. He died the next day, May

31, 1832. He was twenty years old.
The work that Galois sent to his friend was edited and published by Joseph Lousiville in
1846. It conta ined far-reaching results in the theory of solution s to equations. He introduced
a tool to use to determine whether a given equation can be solved by radicals. These results,
called Galois theory, proved to play a fundam enta l role in the proof of the Taniyama-Shimura
conjecture.

I.2.3

Henri Poincare

Early work into the area of the modular functions was conducted by the renowned mathematician Henri Poincar e. Poincare was another mathematician

of extraordinary

ability and

influence . He has been labeled by Bell , "t he last universalist [3, p.526], " meaning that he

12

was the last mathematician

to master and make contributions

in all areas of mathematics .

Poincare was born in Nancy, Lorraine, France, April 29, 1854. Like Galois, he was principally
tutored by his mother in his early childhood.

His brilliance was apparent at a young age.

However, his interest was not initially directed toward mathematics.

In elementary school

he was intrigued by natural history. He began to show his aptitude for mathemati cs around
age 15.
Poincare , like Galois, possessed the ability to do complicated mathematical
in his head , without putting anyt hing down on paper.

reasoning

And like Galois , Poincare's genius

was often overlooked in his early years. Many people described him as ab sent-mi nde d and
he scored abysmally on the Binet intelligence test. He received his first degree, bachelor of
letters and science, at the age of seventeen though he nearly failed in math.
By the time Poincare took his examinations

for L'Ecole Polytechnique , the school had

learned from its experiences with Galois. Had it not been for his great renown as a mathematician , Poincare too would have been denied entrance to the university. The head examiner
commented, "Any student other than Poincare would have been plucked [3, p.535] ."
Poincare did important

work in the study of automorphic

function s of which modular

forms are a subset. However, his research was not limit ed to this area of inquiry, nor even
to mathematics.

In fact , his scope of study was very broad . He made progress in the fields

of analysis, number theory, algebra, and mathematical

astronomy .

Poincare's genius was widely recognized during his lifetim e. He became a renowned
authority on many areas of public concern in addition to mathematics.
On July 17, 1912, at the age of 58, Poincare suffered an embolism and died . However, his
13

many contributions

to the field of mathematics

insure that he will maintain an import ant

position in the history of science.

I.2.4

Yutaka Taniyama and Goro Shimura

The two men for whom the Taniyama-Shimura

conjecture is named were contemporaries

and colleagues at the University of Tokyo in the 1950s. This was a tim e when Japanese
university students relied heavily on each other for support and motivation , feeling that the
older professors had very little desire or ability to be of help (11, p.]. In this environment ,
Yutaka Taniyama and Coro Shimura formed a friendship and began to collaborate in the
areas of mathematics

that would produce this conjecture.

relatively unknown , it is principally from Shimura's

Since Taniyam a died young and

reminiscences of their friendship in

"Yutaka Taniyama and his time: Very Personal Recollections" that the following information
was collected.
Yutaka Taniyama was born to Sahei and Kaku Taniyama on November 12, 1927. His
father was a country doctor in Kisai, Japan, where Taniyama was born and raised. Little
information

is available about his early years in Kisai, but it is known that he contracted

tuberculosis in high school and was consequently delayed two years in graduating.

As a result

of his years of sickness, Taniyama was somewhat older than his pe ers when he entered the
University of Tokyo to study mathematics.

Shimura also attended the University of Tokyo

and was one year ahead of Taniyama, though Shimura was the younger of the two men.
Although Shimura has asserted that the professors at the University of Tokyo were seldom
inspiring and had little concern for the work of the students there, Taniyama once wrote that
his interest in number theory was influenced by Masoa Sugawara, a professor from whom he
14

took an algebra course.
The first non-elem entary paper that Taniyama wrote was entitled

"On n-division of

abelian function fields" and served as a sort of senior thesis, though none was required . The
paper was a proof of the Mordell-Weil theorem and was based on the ideas of Hasse and
Weil. Shimura believed that at that time Taniyama knew more about the topic than any
other person in Japan [11, p.189].
After his graduation in 1953, Taniyama stayed on at the University of Tokyo as a special research assistant.

Shimura , who also remain ed as an assistant, lat er said , "What ever

positions we held , our real status in 1954-1955 was, in all practical senses, that of graduate
students with no advisor, but with a certain teaching load [11, p.188]. " Eventually Taniyama
reached the status of associate professor , the position he held at the time of his death in
1958.
He enjoyed classical music and going to t he

Personally Taniyama was unexceptional.

movies. He had few extracurr icu lar hobbi es, but enjoyed writing about academic matters.
As a mathematician

he kept odd hour s, working late into the night. Shimura sa id that

one of his enviable characteristics was the ability to make useful mistakes , "T hough he was by
no means a sloppy type, he was gifted with the special capability of making many mistakes ,
mostly in the right direction [11, p.190]. "
Although Shimura and Taniyama studied math at the same univ ers ity, they were not
closely associated until after their graduation when they were brought together by similar
research interests.

In 1957, they published a joint work in Japanese entitled,

"Modern

Number Theory." They had hoped to translate the paper into English, but Taniyama did
15

not live long enough to accomplish this goal.
Though at the time of his death he had only reached the position of associate professor,
Taniyama left behind him a significant contribution

to mathematics.

The International

Symposium on Algebraic Number Theory which was held in Tokyo and Nikko in September of
1955, was principally organized by Taniyama and Shimura. At the symposium, participants
received copies of thirty-six problems, four of which had been posed by Taniyama. From two
of these problems which concerned automorphic functions , originated what has been known
as the Taniyama-Shimura

conjecture.

It was years after the Tokyo-Nikko conference that the importance of Taniyama's work
began to be apparent.

Unfortunately , he did not live long enough to expand upon his ideas

or provide proof of his intuitions.
his apartment.

On November 17, 1958, Taniyama was found dead in

He had committed suicide. He left behind a lengthy note disposing of his

possessions , explaining what point he had reached in his lectures at the university , and
apologizing for any inconvenience or unhappines s caused by his death. In regards to reasons
for his suicide, he said, "I am in a frame of mind that I lose confidence in my future [11,
p.193]."
At the time of his death , he was planning to marry Misako Suzuki. A few weeks later in
early December, 1958, she too committed suicide.
Shimura had left Japan some time before Taniyama's death.

He eventually became a

professor at Princeton University.

In the 1960s, Shimura, who had continued his research in number theory, again looked
at the problems proposed by Taniyama at the Tokyo-Nikko conference. Shimura corrected
16

the errors he found in the problems, specified the rational numbers as the domain of the
elliptic curves and formulated "a different , bolder , and more precis e conjecture [8, p. ]." His
conjecture was that elliptic curves over the rational numbers are modular.
are more specific than the automorphic

functions that appeared in Taniyama's problems.

This work by Shimura resulted in the familiar form of the Taniyama-Shimura

1.2.5

Modular forms

conjecture.

Andre Weil

It was Taniyama who originally put forth the basic presumptions
Shimura who formulated it into its present condition.
the "Taniyama-Shimura

conjecture,"

of the conjecture and

However, in add ition to the titles

or the "Shimura -Ta niyama conject ure ," the work has

somet imes been referred to as the "Taniyama-Weil conjecture," or the "Taniyama-S himuraWeil" conjectu re. Although these titles may imply otherwise, Andre Weil had very littl e to
do with the formulation of the conjecture. In fact, he made state ment s which show that he
did not agree with the theories of Taniyama as put forth in the conject ure. For inst ance ,
when Shimura asked Weil's opinion of the plau sibility of the modularity of elliptic curves ,
Weil commente d , "I don 't see any reason against it , since one and the other of these sets a,re
denumerable, but I don't see any reason for this hypoth esis [8, p.1301]."
In exp lanation of why his name is associated with the conject ure in question, Weil said,

As to attaching

names to concepts, theorems or conjectures, I have often

said: (a) that, when a proper name gets attached to (say) a concept, this should
never be taken as a sign that the author in question had anything to do with the
concept; more often that not , the opposite is true ... (b) proper names tend ... to

17

get replaced by more appropriate

I.2.6

Recent

ones [8, p.1307].

History

The more recent history of the mathematics

involved in the Taniyama-Shimura

conj ecture

begins, of course, with its inception by Taniyama in the 1950s. In the 1960s, after Taniyama's
death, Shimura produced a more precise formulation of the conjecture. Very little progress
was made until the mid-1980s when Gerhard Frey and Kenneth Ribet established a link
between the Taniyama-Shimura

conjecture and Fermat's last theorem.

Frey conjectured and Ribet proved that the Taniyama-Shimura

conjecture (in the case of

semi-stable elliptic curves) implies Fermat's last theorem and vice versa. The result is that it
is impossible to discuss either conjecture or theorem without mentioning the implications of
their relationship.

And though Fermat's last theorem has few known implications in itself,

the Taniyama-Shimura

conjecture defines a very important

relationship in modern number

theory. Speaking of the conjecture , Andrew Wiles said, "We built more and more conjectures
stretched further and further into the future, but they would all be completely ridiculous if
Taniyama -Shimura was not true [10, p.9]."
To draw his conclusions about Fermat's last theorem, Frey's approach was to suppose
that the theorem were not true.

Then there would exist a solution to Fermat's equation

for some power greater than 2. That is, there would exist integers a, b, and c such that
aP + bP = cP for some prime p

y2

=

x(x - aP)(x

+ bP), which

2: 3. These integers would lead to a specific elliptic curve,
would not be modular.

example to one case of the Taniyama-Shimura

Therefore, it presented a counter-

conjecture.

The conclusion was that if the

Taniyama -Shimura conjecture could be proved, the proof would imply Fermat's last theorem
18

and the truth of Fermat 's last theorem implies the Taniymama-Shimura

conj ectur e in this

specific case. Thus if Frey's intuitions could be proved, the link between the two ideas would
be established.
Since Frey's particular curve is semi-stable (the reduced curve for the Weirst rass equation
has a cusp or a node , that is, bad reduction), the proof of Fermat's last theorem depended
on the proof of the Taniyama-Shimura conjecture only in the case in which the ellipt ic curve
is semi-stable.
Serre formulated Frey's conject ures somewhat more precisely in what has become know
as the Epsilon conjecture.

This remain ed a conjecture only a very short time, in 1986 it

was proved by Kenn et h Ribet.

At this point , mathematicians

progress in proving the Taniyama-Shimura
that a proof of the Taniyama-Shimura

beli eved that the furth er

conjecture would be slow. Many did not believe

conjecture would be possible in this cent ury. John

Coates, Wiles' advisor at Camb ridg e University said of the conjecture, "I did not think that
the Shimura-Taniyama

conject ure was accessible to proof at present . I thought I probably

wouldn't see a proof in my lifetime [10, p.12]." Ken Ribet express ed a similar viewpoint ,

I was one of the vast majority of people who belived that the Shimura-

Taniyma conjecture was just completely inaccessible , and I didn't bother to prove
it - even think about trying to prove it. Andrew Wiles is probably one of the few
people on earth who had the audacity to dream that you could actually go and
prove this conjecture [10,p.13].

At the time that Andrew Wiles began his mathematical

studies, Fermat's last theorem

and elliptic curves appeared to be completely unrelated. However, once the connection was
19

established, Andrew Wiles, who was studying elliptic curves, was able to pursue his lifelong
dream of proving Fermat's last theorem. In the process, he made enormous progress in the
development of a proof of the Taniyama-Shimura

1.2.7

conjecture.

Andrew Wiles

All of the work of these mathematicians
of Princeton mathematician

finally began to come together through the research

Andrew Wiles. Though Wiles proved the Taniyama-Shimura

conjecture for elliptic curves which are semi-stable, his principle interest in the conjecture
was through its connection with Fermat 's last theorem .
Andrew Wiles became interested in Fermat 's last theorem when he was a young boy in
England. At the public library , he came across a book on mathematics
theorem.

and read about the

It seemed so simple and yet the proof had been so elusive to so many people .

As a child Wiles tried to prove Fermat 's theor em with the mathematics
Through the years, as he continued his studies in mathematics,

accessible to him.

he maintained his interest

in the theorem and his desire to find a proof of it.
Wiles went on to study mathematics and to graduate from Cambridge University. Under
his advisor John Coates, he studied number theory , particularly elliptic curves. Wiles began
his study of elliptic curves before the work of Frey, Serre, and Ribet had linked them to
Fermat's last theorem.

He did not know that his studies were in the very field that would

enable him to accomplish his childhood ambition of proving the renowned theorem.

In 1986, Wiles heard the news that Ribet had proved the Epsilon conjecture, inextricably
connecting Fermat's last theorem with the Taniyama-Shimura
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conjecture.

Describing his

reaction to the news of Ribet's proof, Wiles said, "I was just electrified. I knew that moment
the course of my life was changing, becaus e this meant that to prove Fermat's last theorem,
I just had to prove Taniyama -Shimura conjecture. From that mom ent, that was what I was
working on [10,p.12]."
Since Wiles' main desire was to prov e Fermat's last theorem, he had only to look at the
Taniyama-Shimura conjecture for the specific case when an elliptic curve is semi-stable. Wiles
discontinued his other research and began to devote him self to the proof of the TaniyamaShimura conjecture. He worked in almost comp lete secrecy and isolation for seven years.
In 1993 at a conference held at the Newton Institute , Wiles presented a lect ure entitl ed
"Ellipti c Curves and Modular Forms." In the lecture he discussed the methods he had used
in his proof and end ed by stating that he had proved Fermat 's last theorem.
Later , an error was found in the proof, but with the help of his former student Richard
Tay lor, Wiles revised the proof and produced a correct and comp leted version in 1994. The
proof caught the public's attention.

The News that Fermat's 350 year old theorem was

proved made newspaper headlines across the country. Wiles was thrust into celebrity.
As stated above, though Fermat's last theorem and the Taniyama-Shimura

conjecture

are so intimately link ed, Wiles' work provided the proof only in the case in which elliptic
curves are semi -stabl e. However, the conjecture sti ll remained to be proved in the general
case.
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1.2.8

The Full Proof

Once Wiles ' proof was published, mathematicians

began to have a better idea of how to

approach the general case . In 1997 Fred Diamond,
established the Taniyama-Shimura

Brian Conrad, and Richard Taylor

conjecture in all cases when the conductor is not divisible

by 27.

In June of 1999 a conference of the Park City Mathematics

Institute was held in Park

City, Utah. Brian Conrad was one of the organizers of the event. During the course of the
conference , Conrad gave two lectures during which he discussed a full proof of the Taniy am aShimura conjecture. The proof had been completed some weeks earlier by Conrad, Diamond ,
Taylor and Christophe Breuille. Thus the Taniyama-Shimura
The establishment of the Taniyama-Shimura

conjecture has man y important results . As

previously mentioned, the conjecture implies Fermat's
important

conjecture is now a th eore m.

last theorem.

Additionally, many

theories have been built upon the conjecture and its proof now gives them a

secure foundation.

One of these theories is the Langlands program, "a far-reaching web of

conjectures due to Robert Langlands that relates congruences over finite fields to infini t edimensional representation

theory [6, p.863]. "

The complete proof of the Taniyama-Shimura

conjecture represents a landmark in the

history of mathematics . It is the means of putting to rest the 350-year-old Fermat puzzle ,
the culmination of the work of scores of mathematicians,

and a foundation for new and

innovative developments in the field of mathematics .

In chapter two of this paper we will look at some of the mathematics

associated with

elliptic curves and modular forms, look at examples which illustrate the close correspondence
22

between them , and present a precise statement of the Taniyama-Shimur a conject ure.
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Chapter II
The Mathematics
II.1

Elliptic Curves

II.1.1

Structure

An elliptic curve over a field k consists of the set of solutions of a cubic equation,
with a point at infinity , oo. That is, E(k)

together

= {y2 = J( x)IJ(x) = x 3 +ax 2 +bx+c}U{oo}.

For

the purposes of this paper, we will consider elliptic curves defined over Q , in other words,
elliptic curves whose coefficients are rational numb ers. Under this definition, the solutions of
the elliptic curve form an abelian group. The operation of this group is defined geometrically
by drawing a line through

any two points on the elliptic curve, then reflecting across the

x-axis the third point where the line intersects
binary operation

is designated

the curve.

In the following summary,

the

by +:

• Let r and s be points on the curve E with distinct x-coordinates,

then the lin e passing

through r and s int ersects E in three points. The first two are, of course , r and s, we
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will designate the third point by (x,y). Then r+s
• Let r be a point such that the y-coordinate

= (x, -y). (See figure II.1, pg. 27).

is not zero, then r

+r =

(x , -y) wh ere

(x, y) is a second point on E intersected by the line tangent to Eat r.
• For r

#-0, if r =

(x, y), then -r

=

(x, -y).

• oo is the identity element of th e gro up, i.e. r

+

• For any element r on E, sis the inverse of r (i.e. r

= oo

+r

= r.

+ s = oo)

if rands

have the same

x-coordinate but distinct y-coordinates .
• Let r be a point with the y-coordinate equa l to zero, then r

+ r = oo.

Moreover, the group operation is closed over the field of rational numbers. Consider the
following proof of the case r = (xi , Yi) , and s = (x 2, Y2)-

Proof: Let l be a line intersectin g the curv e E : y 2
l intersectes Eat

= x 3 + ax 2 +bx+ c, where

the rational point s (x 1 ,y 1 ) and (x2 ,y 2 ). Then we can express l

as

Let

= d and

1l1..=1!.l
x2-x1

Yi - x2-x1
1l1..=1!.1-xi
= f. d and f are rational numb ers . This gives

the equation
(dx

+ !) 2 = x 3 + ax 2 +bx+

ed.

Thus

0 = x3

+ (a

- d 2 )x 2

+ (b -
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2df)x

+ d - /2.

Let a - d 2

=

A , b - 2df

=

B, d - j2

0 = x3
with A, B , and C rational.

x · x · hx

=

C. We now have

+ A x 2 + B x + C,

Since we beg a n with th e ass umpti on t hat x 1 a nd x 2

a re solution s to thi s equation,
0

=

=

x 3 impli es that h

it can be factor ed into the form
(x - x 1 )(x - x2 )(h x

=

l. Also -x

1 ·

+ g).

-x 2 · g

=C

quotient is rational , therefore g

=

t he eq uati on for l , it is apparent

that y 3 is also rat ional.

II.1.2

Weierstrass

x 3 is rational.

thus g

= __s;__
This
Xi ·X2

By sub st itu t ing x 3 back into

Form

Eve ry ellip tic cur ve is assoc iated with a Weierstrass

eq uation which gives the curv e in th e

form

where a 1 , a 2 , a3 , a4 , a 6 a re in the a lge braic numb ers (the alge bra ic closure of the rational
numb ers). Performing a chang e of variables will produ ce a n equation of the form

From this form, on e can define certa in quantities

important

to th e discussion of elliptic

curv es. The change of variables is performed according to the following formulas:
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Figure II. 1: The group operation of an ellipti c curve

From these values , we define
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The quantity

.6., called the discriminant

of the elliptic curve, must always be non zero in

order for the curve to be non-singular and satisfy the definition of an elliptic curve.
The values .6. and c4 facilitate classification of an elliptic curve in Weierstrass form.

• The curve is non-singular if and only if .6. =/=0.
• The curve has a node if a11d only if .6. = 0 and c4 =/=0.
• The curve has a cusp if and only if .6. = 0 and c4

11.1.3

=

0. (See Figure 1.3) .

Valuation

Before proceding further in the explanation
called the valuation.

of elliptic curves, it is necessary to define a map

This map will enable the elliptic curve to be transformed

useful form and will give us important

information

about the rational

to its most

points of the curve

defined over IFP.

A valuation is a map

v of

Q* onto Z, Q* = Q - {0}, the multiplicative group of Q, such

that

(1) v(xy) = v(x)

(2) v(x
Let R

= {x

E

+ y) 2

+ v(y),

rnin(v(x), v(y)).

Q lv(x) 2 0} U {0} be the valuation ring of v.
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Figure II.2: Non-singular

The valuation

ellipti c curv e: E : y 2

=

x3

-

4x, ti.

4096

map necessary for this discussion is eva lu ated as follows: for any non- zero ,

rational x and fixed prim e p, x can be uniqu ely written
int eger and the numerator

and denominator

in the form x

of y are both relatively

= a.

valuation of x at pis defined by vp(x)

Example
Let x

=

= 756 = 7 1 33 22 .
Then v7 (756)

= 1,

and vp(756)

=

v3 (756)

0 for any
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=3

, v2 (756)

pi=2, 3,

= 2,

or 7.

= pay,

where a is an

prime to p, then the

Figure II.3: Ellip tic curve with cusp only : E : y 2 = x 3 , -6 = 0, c4 = 0

Il.1.4

Minimal

Weierstrass

Form

Th e valuation enables us to convert the ellip tic curv e to its most useful form, the minimal
Weierstra ss form. There is a minimal Weierstra ss equat ion associated with every elliptic
curve and this form is unique up to a change of variab les. A Weierstrass equation is minimal
for the elliptic curve Eat

Example

v ifv(.0..)

< 12 and

a 1, a 2, a 3,a 4,a6 are in R [12, p.172].

: The curve defined by the equation

E : y2 = x 3

-
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x2

+ 4x

- 4

is minimal. The non-zero coefficients of this equation are

a2 = - 1, a4 = 4, and a 6 = - 4.
Furthermore

.6. = -6400.
Sin ce

a2 = -1 = p 0 (-1),
it is apparent that

vp(-l) = 0 for any prime p.
Additionally,

=4=

a4

22 , thus v2 (4)

For any p
thus

v P ( 4)

=

= 2.

# 2, 4 = p 0 (4) ,

0 for any odd prim e.

Finally,

-4 = 2 2 (-1) signifying that v2 (-4 ) = 2
and vp(- 4)

=

0 for any prim e greater than 2.

Therefore,

Vp(-1) 2: 0, Vp(4) 2: 0,
and vp(-4) 2: 0 for any prime p,
and it is apparent that the coefficients of E are in R. Moreover,
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implies that
v2 (.6.) = 8 and v5 (.6.) = 2,

vp(.6.) = 0 for any

pi=2 or

5.

Therefor e, vp(.6.) < 12 for any prim e p. In conclusion ,
y2

= x3

x2

-

+ 4x

- 4

is a minimal Weierstrass equ ation for E.

11.1.5

Reduction

In addition to it s usefuln ess in defining the condition s und er which an equ at ion is in minim a l
Weierstrass form , the valuation also gives us important
curv e behav es und er red uct ion at cer ta in primes.

information a bout how t he ellip tic

The curv e is said to have good or bad

reduction , stable , semi-stab le or , un sta bl e redu ct ion acco rdin g to the following condition s:

• An ellipti c curve has good reduction at a prim e p if and only if vp(.6.)= 0 , this is also
ca lled stab le red uct ion.
• There are two cases in which an elliptic curv e ma y have bad redu ct ion , these are called
multiplicativ e redu ct ion and additive redu ction .
- An elliptic curv e has multiplicative
only if vp(.6.) > 0 and vp(c4 )

=

or sem i-stable red uction at a prime p if and

0. An ellipti c curve reduc ed modulo p has a nod e

if and only if it has multiplicative

redu ction at p.
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- An elliptic curve has additive or unstabl e reduction at a prime p if and only if

vp(6) > 0 and vp(c4 ) > 0 . An elliptic curve reduced modulo p has a cusp if and
only if it has additive reduction at p.
• For a given elliptic curve E, there are only finitely many primes where E has bad
reduction, either multipli cat ive or additive.

Table II. l: Classification of elliptic curve s

/I Characteristic O II Characteristic
non-singular
6 i- 0
6 =0
nod e
6 = 0, c4 i- 0
v(6
cusp
6=0 , c4 = 0
v(6

Example

(multipli cat ive reduction): Let Ebe
E: y 2

+ xy + y = x 3

-

x

p (reduction modulo p)
v(6) = 0
v(6) > 0
) > 0, v(c4) = 0

) > 0,v (c4) > 0

the curve given by the equation
2

+ 2x -

3.

Then

From these values we comp ute that

62 =-3,

64 =5,

66 = - 11, 68 =2 ,

6 = -2 800, and c4 = - 111.
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Since

then

Additionally,

vp(6) = 0 for all prim es not equal to 3, 5 or 7.
Furthermore,

thus

In particular,
vp(c4 )

= 0 when

pis 2, 5 or 7.

Therefore, E has multiplicative reduction at 2, 5, and 7 and good redu ct ion at
all ot her prim es.
Example

(additiv e redu ct ion) : Let E be the curv e defined by
E: y 2 = x 3

+ 2x 2 + 4x .

Then

Moreover

b2 = 8, b4=8 , bs=-

34

16,

~ = -3072 = -2

10

3, and c4 = - 128

=-

27 .

T hus

vp(~) = 0 for p =/= 2, or 3.
Also,

Thu s E has additiv e reduction at 2, multipli ca tiv e redu ction at 3, and good
redu ction at all oth er primes.

II.1.6

Conductor

Kn owing t he ty pe of redu cti on th at an ellip tic cur ve has at a given prim e ma kes possible t he formul at ion of a qu antit y ca lled th e condu cto r assoc iate d wit h each ellipti c curv e.
T he condu cto r provides inform a ti on ab out t he compl exity of t he corres pondin g curv e. Th e
cond uctor N of an ellipt ic curv e is comput ed accordin g to th e formul a N

= TIP p f p where

0 if E has good redu ct ion a t p
1 if E has multipli ca tiv e redu ction a t p

fp
In parti cular

JP=

~

2 if E has additiv e redu ction at p.

2 if p =I=2 or 3. For a description of how

case, see [12, p.361].
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Jpcan

be found in th e additive

Example

: In the first examp le under reduction,
E : y2

has multiplicative
conductor

reduction

+ xy + y = x 3 -

x

2

we found that the curve

+ 2x

- 3

at each of the primes , 2, 5, and 7, whi ch divid e the

of E. Therefore

h=fs=h=l
and

fP = 0

for all other primes.

Thus the conductor of E is given by

The prime s which divid e the conductor

are exactly those primes at whi ch the curve has bad

reduction.

IL 1. 7

Rational

Roots

Let Sp be th e numb er of solutions of the reduc ed equation of E modu lo p. Also let ap(E)
p - Sp . Then some bas ic arithmetic

information

about the curve E can be ascertained

the sequence {ap(E) }p which is indexed by the primes of good reduction.

Example

: Table 2.2 gives the first severa l elements of {ap(E) }p for the curve
E : y2

which ha s conductor

N

=

+ xy + y =

14.
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x3

-

x,

=

from

Table II.2: Rational points for a curve with conductor N
p

2

Sp aP -

3
5
-2

5
5
0

7
-

11
11
0

13
17
-4

17
11

6

19
17
2

23
23
0

29
35
-6

31
35
-4

37
35
2

= 14
41
35
6

7 : Table 2.3 gives the first several elements of {ap(E)}Pfor the curve

Example

E : y2

+ xy =

x3

+ .1:2 -

6x

+ 4.

Table II .3: Rational point s for a curve with conductor N = 166
p

2

SP
aP

II.2

-

-

Modular

3
4
-1

5
7
-2

7
6
1

11
16
-5

13
15
-2

17
20
-3

19
21
-2

23
19
4

29
32
-3

31
30
1

37
36
1

41
35
6

Forms

A modular form of weight k is an analytic function defined on the complex upper half plane

{z E C IIm(z) > O}which satisfies a transformation

!)

for all ( :

in

r

where

r

rule of the form

J(;;:!)= (cz + d)kj( z)

is a subgroup of SL 2 ('ll) [5, p.1398] . Any nontrivial modular

function for SL 2 ('ll) has even weight.
For the purposes of this paper, the modular forms of interest are those of weight two
where the

r

is the subgroup of SL 2 ('ll) in which the lower left entries of the matrices are
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congruent to O modulo N. N is called the level of the modular form and will correspond to
th e conductor of an elliptic curve. These modular forms can be expressed by a Fourier series

Example

: For a modular form of weight 2, level 11, the generating fun ct ion

J( z) of the Fourier series can be calc ul ated exp licitly according to the followin g
formula where J( z) is a constant multipl e of g(z).

g(z)

= (1j;(z)7/1(11z)) 2

1/J
(z) = e1riz/ 12

rr(l _

qn), q

=

e21riz

n

thus

n

g(x)

=q_

2q2 -

q3+ 2q4 + q5+ 2q6 _ 2q7 _ 2qg _

2ql0 + qll _ 2ql2

+4ql3 + 4ql4 _ ql 5 _ 4ql6 _ 2q l7 + 4ql8 + 2q20 + 2q21 _ 2q22 _ q23
-4 q25 - 8q26 + 5q27 - 4q28

+ 2q30 +

7q31 + 8q32 - q33 + 4q34

-2q 35 - 4q36 + 3q37 - 4q39 - 8q41 + . ..

Though closed forms for generating functions of the Fourier series associated with modular forms are not always easi ly comp ut ed, the following table gives some of the coefficients
of prime power terms for modular forms of the given levels.
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Table II.4 : Coefficients of prime power terms of Fouri er series for modular functions of level
N [4, p.26 5 ].

I Level

(N)

II 2 I

11
14
70
166

-2
-

3
-1
-2
0
-1

I

5
1
0

I

7
-2

I 11

-

0
4
-5

-

-

-2

1

Il.3

The Conjecture

II.3.1

Statement

13
4
-4
-6
-2

j

-

I 17 I 19 I 23 I 29 I 31 I 37 I 41 I
-2
6
2
-3

0
2
0
-2

-1
0
0
4

0
-6
6
-3

7
-4
8
1

3
2
-10
1

-8
6
2
6

of the Conjecture

T he Tan iyama Shimura conj ect ur e identifies a very close relat ionship between elliptic curves
and modular forms. For an ellipti c curve E defined over the rat iona l numbers, the co nject ur e
states that there is an integer N and a weight two modular form of level N (normalized

so

that a 1 (!) = 1) , such that

for a ll primes p where E has good reduction
{ aP ( E)

}p correspo nd to th e coefficients of prim e power terms of the modular form. The level

N of the modular form corresponds

II.3 .2

[5, p . 1398]. Thus , t he terms of the seque nce

Modularity

to the condu cto r of the ellipti c curve .

of an elliptic

curve with conductor

Consid er the elliptic curve given in minim a l Weierstrass form

E: y 2

+y = x3 39

:r 2

-

lOx - 20.

11

For this curve,
a 1 = 0, a 2

= -1,

a3

=

= -10

, and a6

and b6

= -79

1, a4

= -2

0.

Performing a change of variables yields that

b2 = -4 , b4

= -20,

.

Furth ermore ,

b8

= -21 , D..= -161051, and

c4

= 496.

Wh en

it is appar ent that
vp(x )

= 0 at

any prime p.

v2 (a4 ) = 1, v5 (a4 ) = 1, and vp(a4 ) = 0 for all oth er prim es.
Also,

Th erefore
ai E

R for i

= 1, 2, 3, 4, 6.

The discrimin ant
D..= - 161051

= -11

5

.

Thu s
v 11 (D..)= 5, and vp(D..)= 0 for any other prim e p.
vp(D..)< 12 for any prim e p.
Hence, E is in minimal Weierstrass form .
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Reduction
Since

for any prim e p, to dete rmin e the type of reduction of E, it is necessary only to
find the valuation vp(c4 ) where pis any prime dividing 6.

11 is the only prim e di visor of the discriminant 6 and

thus E has multipli cat ive reduction at 11 and good reduction at all other primes .

Conductor
Since E has multipli cat ive reduction at 11,
all other primes giving that

JP=

f 11 = 1. E has good red uction at

0 for any p -/=11. Thus th e formula for the

conductor of an ellipti c curv e

shows that N

Rational

= 11.

points

Below is a table giving Sp, the number of soluti ons of the reduced equation of E
modulo p for each prime p

:s;41.

Also shown are the corresponding elements of

the sequence {ap(E) }p-
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Table II .5: Rational points of an ellipti c curve with conductor
p

Sp
aP

2
4
-2

3
4
-1

5
4
1

7
9
-2

11
-

13
9
4

17
19
-2

19
19
0

23
24
-1

29
29
0

37
34
3

31
24
7

N

=

11

41
49
-8

Modular form
Finally, since the curve E under exam ination has cond uctor N

= 11,

the corre-

spond ing modular form is of level 11. In Example 8, we calculated the generating
function J( z) for the Fourier series associated

with a weight two modular form

of level 11. Some of the terms gen erate d by that function are again listed below .

g(x) = q _ 2q2 _ q3
+4ql3

+ 4ql4

+ 2q4 + q5 + 2q6 _

_ ql 5 _ 4ql6 _ 2ql7

2q7 _ 2q9 _ 2ql0

+ 4ql8 + 2q20 + 2q2l

-4q25 - 8q26 + 5q27 - 4q28 + 2q30 + 7q31

+ 8q32 -

-2 q35 - 4q36 + 3q37 - 4q39 - 8q41

+ qll

_ 2ql2

_ 2q22 _ q23

q33 + 4q34

+ ...

In the preceding function , the terms with prime exponents

have been high-

lighted. Comparing the coefficients of these terms with the chart giving {ap(E)}P
above , it is apparent

that the terms for the sequence correspond exact ly with the

coefficients of the modular function.
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